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Abstract

Pruning a decision tree is considered by some
researchers to be the most important part of
tree building in noisy domains. While, there
are many approaches to pruning, an alter-
native approach of averaging over decision
trees has not received as much attention. We
perform an empirical comparison of pruning
with the approach of averaging over decision
trees. For this comparison we use a computa-
tionally efficient method of averaging, namely
averaging over the eztended fanned set of a
tree. Since there are a wide range of ap-
proaches to pruning, we compare tree aver-
aging with a traditional pruning approach,
along with an optimal pruning approach.

1 INTRODUCTION

A wide variety of splitting rules have been described
in the decision tree literature such as the GINT index
of diversity (Breiman et al. 1984), Information Gain
(Quinlan 1986), and Minimum Encoding splitting cri-
teria (Quinlan 1989, Wallace and Patrick 1993). There
have been a number of comparisons of splitting rules
(e.g., Mingers 1989 and Buntine and Niblett 1992).

In noisy domains, authors such as Breiman et al.
(1984) and Gelfand et al. (1991) consider pruning to
be the most important part of tree building. An al-
ternative to pruning is to average over a set of trees
(Buntine 1990, 1992, Clark and Pregibon 1992, Hastie
and Pregibon 1990, Kwok and Carter 1990, Oliver and
Hand 1994a, 1996). Averaging has also been found
to improve the accuracy of classifiers of other forms
(Bahl et al. 1989, Kononenko 1992). In this paper,
we perform an empirical comparison of pruning and
averaging over trees. In this comparison, we compare
pessimistic pruning as used by C4.5 (Quinlan 1993), an
optimal pruning strategy, and a computationally effi-
cient method of averaging, namely averaging over the
ertended fanned set of a tree.
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2 OPTIMAL PRUNING

It is common practice to grow a complete tree, and
then prune it back. A complete tree is grown by re-
cursively splitting each leaf until each leaf is either
class pure, or considered too small to split. Given a
complete tree T' we consider the set of pruned trees of

T
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{ Pty, Pty, ..., Pi, }.

The set of pruned trees contains each tree that has 0
or more decision nodes transformed into leaves. For
example, Figure 1 gives the set of pruned trees for the
complete tree Pt;. Pruning involves finding the single
“best” tree from the set of pruned trees according to
some pruning criterion.

We define optimal pruning to be the process of eval-
uating the error rate on a test set according to every
tree in the pruned set, and selecting the tree with min-
imal error rate. This definition of optimal pruning, is
optimal pruning with respect to a given splitting rule.
An optimal pruning approach cannot be achieved in
practice; it provides a lower bound on the error rate
for pruning approaches.

3 TREE AVERAGING

The basic idea of tree averaging is to use a set of
trees to classify new objects, rather than use the sin-
gle “best” tree (as the pruning approach would do).
Methods for using sets of trees to classify new objects
have been suggested by Bahl et al. (1989), Buntine
(1990, 1992), Kwok and Carter (1990), Hastie and
Pregibon (Hastie 1990), Clark and Pregibon (1992),
Quinlan (1992) (in the case of Model Trees) and Oliver
and Hand (1994a, 1996).

Procedure Average classifies a new object, O, by aver-
aging over a set of trees S = {1, t2, ..., t, } using
a set of weights W = { wq, wy, ..., w, }. Each
weight, w;, reflects how well ¢; explains the training
set. New objects are classified by estimating P(c | O),



Figure 1: The Set of Pruned Trees

the probability that an object, O, will have class ¢. To
estimate this probability, we take the weighted sum
of the probability distributions given by each tree in
S. A number of approaches have been used to esti-
mate weights. For example, Buntine (1990, 1992) used
a Bayesian approach to calculate these weights; Bahl
et al. (1989) set aside data independent of the data
used to grow the tree to estimate the weights.

Procedure Average (O, S, W)

1. Determine P(c | O, t;), the probability which
tree t; gives object O of having class c.

2. Define O to have a probability of belonging
to class ¢ of:

P(c|0) = > wi x P(c|O, t;)
i=1

3. Assign O to the class with maximum proba-
bility.

3.1 SETS OF TREES TO AVERAGE
OVER

It is impractical to average over every possible tree, so
we restrict, S, the set we average over. In the remain-
der of this section, we describe three sets of tree we
consider averaging over: the path set (used by the IND
Package, Buntine 1990, 1992), the fanned set (Oliver
and Hand 1994a, 1996), and the extended fanned set.

3.1.1 The Path Set

The path set, PSet, of a complete tree T is de-
pendent on the new object, O, we wish to classify.
PSet = Path_Set(T, O) is constructed by:

1. Marking the path down 7" we associate with O.

2. Pruning each decision node along this path in
turn, and adding the newly created tree to PSet.

Figure 2: The Path Set for an Example Decision Tree

Figure 2 depicts the path set for tree, 77, for an object
in the leaf highlighted in the figure:

PSet = {Th, Ty, T3, Ty }

The path set is a subset of the set of pruned trees
(depicted in Figure 1).



3.1.2 The Fanned Set

Another method for generating a set of trees is to use
every possible attribute in turn to extend a tree by one
level. We define this as the fanned set of a tree (Oliver
and Hand 1994a, 1996). The fanned set, F'Set, of a
tree T is dependent on the new object, O, we wish to
classify. F'Set = Fanned_Set(T, O) is constructed
by:

1. Finding the leaf, L, we associate with O.
2. Set F'Set to the null set.

3. For each attribute A, construct 7" by splitting L
on A and add T’ to F Set.

Figure 3 depicts the fanned set for tree 7. In this
figure, we assume that there are only four attributes
available: {a, b, ¢, d}. Unlike the path set, the fanned
set 1s not a subset of the set of pruned trees. Given
a tree, T, we can classify a new object, O, by using
Procedure Average with S = Fanned_Set(T, O).

Figure 3: The Fanned Set for an Example Decision
Tree

When we consider constructing the fanned set for data
sets with continuous attributes, then there are mul-
tiple cut-points to consider for each continuous at-
tribute. Typically, a single cut-point is considered by
decision tree growing schemes. The cut-point is nor-
mally selected using the same criterion that is used

to determine which attribute to split a node on. We
restrict ourselves in this paper, to one cut-point for
each continuous attribute, by selecting the cut-point
which maximises the posterior probability of the tree
(see Section 4).

3.1.3 The Extended Fanned Set

We may extend the fanned set to include every tree
that is considered during the growing phase (if we use
recursive partitioning to grow the tree). We define the
extended fanned set for an object O using a complete
tree, T, as the set formed by the following process:

1. Set PSet to be the path set of T'.

2. For each T; € PSet, let
F;, = Fanned_Set(T;, O).
3. The extended fanned set is the union of the fanned

sets constructed in Step 2.

ESet = F1 U F2 U ... Fn

Like the fanned set, the extended fanned set i1s not a
subset of the set of pruned trees.

We form a set of weights, W, for each tree in
ESet. The extended fanned set can then be used
to classify a new item O, by using Procedure

Average(O, ESet, W).

4 WEIGHTS FOR DECISION
TREES

In this paper, we use a Bayesian approach and set the

weights to be proportional to the posterior probability

of each tree, t; € S = {t1, ta, ..., tn }:

Prob(t;) x Prob(Data | t;)
Prob(Data)

Since Prob(Data) is constant, we set weight w; to be
the normalised value of the product of the prior and

the likelihood:

w(t;)

Prob(t; | Data) =

_ Prob(t;) x Prob(Data | t;) (1)
N th ¢ g Prob(tj) x Prob(Data | t;)

4.1 THE PRIOR PROBABILITY OF A
DECISION TREE

There are two areas where prior distributions over de-
cision trees are discussed; Buntine discusses a range of
prior distributions from a Bayesian perspective (Bun-
tine 1990, 1992), and Quinlan and Rivest (1989) and
Wallace and Patrick (1993) have proposed codes for
decision trees (within an Minimum Encoding Infer-
ence framework). We can interpret a code over de-
cision trees as implying a prior distribution over trees
by taking:

Prob(t;) = 2~ Message_Length(t;)



The prior distributions implied by codes is discussed

in Section 5 of Oliver and Hand (1994b).

Consider assigning a prior probability to a tree, %;,
with N nodes, of which L are leaves and I are inter-
nal nodes (so N = L 4+ I). Buntine’s Type II
(page 66, Buntine 1992) prior assigns tree ¢; the prior
probability!:

Prob(t;) oc w®

If we take w = %, then we have a prior equivalent
to the prior implied by Quinlan and Rivest’s (1989)
code for binary trees. However, the Type II prior is
not a universal prior (Rissanen 1983, 1987, Baxter and
Oliver 1994) for trees which have attributes with more
than one distinct arity, e.g., the Heart Disease domain

(Murphy and Aha 1992).

We therefore used the universal prior implied by Wal-
lace and Patrick’s (1993) code for decision trees. Let
ap(i) be the arity of the parent of node i. Since

the root of a tree doesn’t have a parent, we set

_ numberofattributes + 1
[lp(TOOt) - numberofattributes

1 £ 1 _
Homllt-om @

1=

Prob(t;) o

4.2 THE LIKELTHOOD OF A DECISION
TREE

Consider a tree, t;, with L leaves, K classes and leaf
[ contains M, training items belonging to class ¢ (¢ =
1...K). We associate a probability with the vector of
classes at each leaf? (Pyc(l), I=1...L):

[, M.!

We define the likelihood of tree, #;, to be:

L
Prob(Data | t;) = [] Pve(l) (3)
=1

4.3 THE POSTERIOR PROBABILITY OF
A DECISION TREE

We take the posterior probability of a tree (and hence
evaluate the weights for a tree) as being proportional
to the product of the prior (Equation (2)) and the
likelihood (Equation (3)).

5 COMPLEXITY OF FANNING

The decision tree approach to classification can be di-
vided into three parts: (i) the Growing Phase, (ii) the

Since we are normalising the weights in Equation (1),
we do not require normalised prior probabilities.

20ther likelihood functions are discussed by Buntine
(page 66, 1992).

Pruning (or Averaging) Phase, and (iii) the Classifica-
tion Phase. In this section, we estimate the time and
storage requirements of the traditional decision trees,
fanned decision trees, and extended fanned decision
trees.

For all three decision tree schemes, the same growing
phase is used, and hence the time and storage require-
ments are of the same order.

5.1 COMPLEXITY OF THE PRUNING
PHASE

To estimate the complexity, we define the following
symbols: Consider the situation where the growing
phase constructed tree T from a data set with D train-
ing items, A attributes and C' classes. Let H be the
height of T, L be the number of leaves in T', I be the
number of internal nodes in T, and N = L + I be
the total number of nodes in T'.

If we prune tree T, then for each split node we must
determine whether we should keep it as a split node,
or “prune” it back to a leaf:

I
Time(Pruning) = Z Tprune(Node;)

i=1

where Tprune(Node;) is the time required to calculate
the criterion used to determine whether decision node,
Node;, should be pruned.

5.2 COMPLEXITY OF THE AVERAGING
PHASE

We consider constructing the fanned set for a tree, T,
with N nodes, with L leaves, C classes, and N Items(%)
training items at node 1.

Time(Construct Fanned Set)

L
o Z A x NTtems(Leaf;)

i=1

Time(Construct Fxtended Fanned Set)

N
Io's Z A x NTItems(Node;)

i=1

To use a fanned tree for classification, we require the
class distribution (a vector of C' integers) for each pos-
sible split of each leaf:

Additional_Storage( Fanned Tree)
x L x A x C
Additional_Storage( Fxtended Fanned Tree)
x N x A x C



Table 1: A Summary of the Data Sets Considered

Data Set Cont | Binary | Many | Total || Classes || Size of || Base
Attr Attr | Valued | Attr Data Acc

Attr Set (%)

Geographic 8 - - 8 4 106 37.7
Glass 9 - - 9 6 214 35.5
Heart Disease 5 3 5 13 2 303 54.1
LED - 7 - 7 10 3000 10.0
Mushroom - 4 18 22 2 8124 51.8
Pole 4 - - 4 2 1847 51.0
Votes - - 16 16 2 435 61.4

5.3 COMPLEXITY OF THE
CLASSIFICATION PHASE

The classification process requires little additional
storage.

A new object can be classified by a traditional tree
by traversing the path to the appropriate leaf, and
examining the class distribution at that leaf:

Time(Classify Using Tree)
= O(H) + 0(0)

The time required to classify a new object with a
fanned tree is:

Time(Classify Using Fanned Tree)
= O(H) + O(C x A)

The time required to classify a new object with an
extended fanned tree is:

Time(Classify Using Extended Fanned Tree)
= OH x C x A)

6 COMPARISON OF AVERAGING
AND PRUNING

We used six data sets from the UCI repository of
machine learning databases (Murphy and Aha 1992):
Glass, Heart Disease, LED, Mushroom, Pole, and Vot-
ing (as modified in Buntine and Niblett 1992) and the
Geographic data set (described in Wallace and Patrick
1993). A summary of some properties of these data
sets is given in Table 1. The base accuracy (Base Acc)
is the proportion of cases that have the most common
class.

We implemented the extended fanned tree using the
set described in Section 3.1.3 and the weighting scheme
described in Section 4. In addition, we implemented
the optimal pruning strategy described in Section 2.

The complete tree used for both the extended fanned
tree and the optimally pruned tree was generated by

using the splitting rule which maximised the posterior
probability at each stage of growing the tree. CART’s
stopping rule (not splitting a leaf which has less than
5 items) was used.

Table 2 gives the time taken (in seconds) on a DECsta-
tion 5000/240 for C4.5 and the extended fanned tree
(EFT) for the Mushroom data set. These results were
averaged over 41 runs. The standard deviation of the
time taken is indicated after the “+” symbol.

C4.5 EFT

Data Set Ttems || Time (secs) || Time (secs)
Mushroom 10 24 405 74 +07
20 25 +0.6 82 +08

30 26 +0.8 85 +0.8

40 26 £+£0.9 8.8 +£1.0

50 31 +1.2 92 +£1.1

100 23 404|100 +0.8

150 21 +£0.2 192 4+ 2.6

250 21 £0.1 129 £+ 2.7

500 22 4+£02 105 +0.6

1000 || 23 +£03 | 107 +£0.4

2000 27 +£0.2 16.1 £+ 4.7

Table 2: Time Taken for C4.5 and EFT

Tables 3 and 4 gives the percentage accuracy for C4.5
(Quinlan 1993), the optimally pruned tree (OPT), and
the extended fanned tree (EFT). These results were
averaged over 41 runs. For each run a training set
was randomly selected, and the success rate was cal-
culated using the remainder of the data set as the test
set. The standard deviation of the accuracy 1s indi-
cated after the “+£” symbol. For the C4.5 results, we
indicate if the extended fanned tree scheme was sig-
nificantly better using a one sided matched pair t-test
with 40 degrees of freedom. A single star (%) indicates
significance at the 0.05 level, a double star (*x) at the
0.01 level, and a triple star (% * %) at the 0.005 level.
We indicated with a dagger (}), or a triple dagger (111)
those occasions (in the LED and Pole data sets) when
C4.5 significantly outperformed the extended fanned
tree scheme at the 0.05 and 0.005 levels respectively.



Table 3: Accuracy Rates for C4.5, OPT, and EFT

C4.5 OPT EFT
Data Set Items || Accuracy % Accuracy % Accuracy %
Geographic | 10 | 445 =+ 384 T8 =72 |43 =80
20 55.8 4+ 10.2 58.9 £ 10.0 || 7.4 £ 11.1
30 64.8 £+ 8.0 66.0 £82 | 644 £8.2
40 68.0 £84 71.7 £87 || 69.2 £84
50 70.7 +19.4 785 £6.0 || 75.4 £+ 8.0
Glass 10 378 X177 40.0 +64 || 394 6.7
20 483 +£6.9 50.1 £6.6 || 497 £7.9
30 51.0 +6.4 * 5.0 £64 || 52.7 £ 7.3
40 53.8 =+ 5.6 56.3 £6.2 || 55.1 £ 7.2
50 57.3 £ 5.6 60.0 £5.0 || 57.7 +5.3
100 63.4 £ 5.2 * 67.1 £4.5 65.2 £ 4.8
150 65.2 +6.0 69.6 £52 || 661 £5.6
Heart 10 625 78 F[ 653 £72 | 656 £8.1
Disease 20 65.0 *£72 *F*11699 £50 ||684 £538
30 66.7 +5.6 F|T12 £43 || 706 £46
40 67.6 4.9 FF|T24 442 71.0 £4.7
50 69.1 45 ** 736 £43 || 719 £456
100 717 +£34 *|)T56 £25 || 735 £29
150 7.5 £36 ¥ || 775 £32 || 744 36
LED 10 266 +£4.7 283 +£43 276 £ 7.0
20 40.1 =+ 6.2 42.1 £+ 8.3 39.1 £ 88
30 486 £+ 7.0 T 51.8 £7.2 || 463 £7.2
40 55.0 £ 7.4 it || 565 £ 6.4 || HL.T £ 7.8
50 || 587 61 it || 574 +74 || 533 +7.8
100 65.8 £+ 2.9 i 65.0 +£44 | 643 £ 4.6
150 67.0 +2.3 67.8 £34 | 664 £ 4.2
250 68.6 + 1.3 * 69.9 £1.7 || 692 £18
500 70.5 £+ 1.0 ** 719 £08 || 709 £1.0
1000 || 72.2 £+ 1.0 729 £08 || 721 £0.9

7 DISCUSSION

The extended fanned tree is averaging over a rela-
tively small set of trees (to minimise the computational
complexity). We expect the predictive accuracy to be
higher if a larger set of trees were used for averaging
(such as option trees (Buntine 1992)). Averaging over
the extended fanned set of a decision tree has some
appealing properties.

e Firstly, we are averaging over the set of trees
which a traditional tree growing algorithm in-
spects during the growing phase. The grow-
ing phase requires little additional computational
cost.

e Secondly, an extended fanned tree retains much of
the comprehensibility of normal trees. Averaging
over a larger set of trees (e.g., option trees) may
not be comprehensible (page 72, Buntine 1992).

e Thirdly, the additional computation cost (given in
Table 2) is reasonable in the light of the expected
improvement in predictive performance.

In many cases, the EFT was competitive with an op-
timally pruned tree (OPT)3. In some cases, (for ex-
ample, in the Mushroom data set), the EFT actu-
ally outperformed the OPT. Two possible reasons for
EFTs outperforming OPTs may be (a) the averag-
ing approach may be expressing relationships in the
data which cannot be expressed by a single tree; or
(b) EFTs are averaging over a larger set of trees of
trees than the pruned set of trees.

Within the LED domain, pruning appeared to be a su-
perior strategy to averaging. This could be due to the
property that performing prediction using the com-
plete tree is a competitive strategy for this domain
(Schaffer 1992). For some sizes of the training set,
C4.5 outperformed the optimal pruning strategy. This
may be due to C4.5 not using a stopping rule, or to a
splitting rule which is more suited to this domain.

3We note that the OPT is not achievable in practice.



Table 4: Accuracy Rates for C4.5, OPT, and EFT

C4.5 OPT EFT

Data Set Items || Accuracy % Accuracy % Accuracy %
Mushroom 10 76.0 103 ** | 804 L1151 839 X106
20 84.7 + 9.4 kX 90.9 + 5.3 93.6 + 5.0
30 91.3 + 6.0 k¥ 93.6 + 4.8 95.3 + 3.8
40 93.9 4+ 4.8 F¥* 95.5 + 3.1 96.1 + 3.5
50 94.1 + 5.8  F¥* 96.2 + 2.5 96.7 + 2.3
100 97.5 4+ 2.0 k¥ 98.3 + 1.2 98.4 + 0.9
150 98.5 + 0.5 k¥ 98.9 + 0.6 98.8 + 0.6
250 98.7 4+ 04 F¥* 99.2 + 0.4 99.1 + 0.5
500 99.0 + 0.6 k** 99.6 + 0.3 99.5 + 0.4
1000 99.6 + 0.4 k¥ 99.8 + 0.2 99.8 + 0.2
2000 || 99.91 £ 0.11 *** 1 9992 4 0.10 || 99.95 £ 0.08
Pole 10 74.0 £ 13.7 77.2 £ 124 75.1 £ 12.6
20 79.6 + 4.9 82.2 + 4.2 79.5 + 7.1
30 79.6 + 4.6 k¥ 83.1 + 2.8 81.4 + 3.7
40 79.7 + 3.9 k¥ 83.2 + 2.5 81.2 + 3.9
50 80.5 + 3.8 k¥ 84.2 + 1.7 82.1 + 3.7
100 82.3 + 2.4 84.2 + 1.6 82.8 + 2.2
150 82.9 + 2.0 84.8 + 1.1 83.3 + 1.6
250 83.9 + 1.5 85.2 + 0.9 83.7 + 1.6
500 85.8 + 1.4 i 86.4 + 14 85.2 + 1.5
1000 87.5 + 1.3 Tit 88.6 + 1.5 86.8 + 1.8
Votesl 10 56.2 + 98 F¥# 83.1 + 6.9 82.6 + 6.9
20 83.5 + 5.4 k¥ 84.7 + 4.8 84.6 + 5.2
30 84.6 + 3.3 85.0 + 3.2 83.1 £ 13.7
40 85.3 + 3.0 86.2 + 2.5 85.4 + 2.4
50 85.6 + 2.7 * 86.6 + 2.2 86.1 + 2.5
100 87.0 + 2.3 * 88.0 + 1.8 87.7 + 1.9
150 87.8 + 1.9 * 88.8 + 1.5 88.4 + 1.6

8 FANNING OVER GRAPHS AND
PRODUCTION RULES

It is possible to average over the fanned set for more
complicated structures than trees such as produc-
tion rules (Quinlan 1993) and decision graphs (Oliver
1992). While, it is not obvious how to construct a
path set and set weights for these structures (Buntine
1993), it is relatively straightforward to construct a
fanned set and assign weights for these structures.

Decision trees, production rules and decision graphs
partition the object space. If we partition the object
space into components {Cy, Cy, ..., C,}, then we
associate a subset of the training set, 7;, with compo-
nent C;. Traditionally, we classify new objects which
fall in component C; with the class which has the most
elements in 7;. We can do an analogous operation to
fanning. For each component, C;, we construct a set
of models, M;, by splitting 7; on each attribute, and
assign a weight to each model in M;. A new object
which falls into component C; can then be classified
by averaging over M;.

9 CONCLUSION

Over the data sets considered, averaging appeared
to be a superior strategy to pruning. The extended
fanned trees rarely had lower predictive accuracy than
C4.5, and in many cases significantly outperformed

C4.5.

Researchers such as Buntine (1990, 1992) and Kwok
and Carter (1990) have developed approaches to av-
eraging where fundamental diversity among the trees
was sought. This work demonstrated that averaging
over a relatively small set of trees can be helpful to
predictive performance.
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