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Advanced dimensionality reduction

Basic premises:

some attributes are irrelevant; others are noisy

true signal often lives in a subspace which doesn’t use all
attributes (feature reduction), or uses a novel combination of
them (feature generation)

Some more advanced or recent techniques:

principal components analysis, Mahalanobis distance

random linear projections

nonlinear manifold learning

multidimensional scaling

alternative distance metrics (L1, etc.)

distance metric learning
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Principal components analysis
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PCA (2)

PCA is a linear transformation of the data into a new basis.

It assumes that there is some orthogonal vector basis of the original
data which captures the variance of the data in a better way.

In the transformed data, the first dimension has the largest
variance, the second dimension has the second largest variance, etc.

It finds a new set of orthogonal basis vectors in the original space
that point in the directions of maximum variance.
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PCA (3)

Based on finding the eigenvalues of the covariance of the data:
[v, lambda] = eig(cov(x));

If we find the principal components and use only the top few, we
have reduced the dimension of our data while keeping the majority
of the information (aka variance).
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Random linear projections

Basic idea:

choose k random vectors in the original space, where k � d

linearly project all the data to the k new vectors

learn in this lower-dimensional space

Even though it sounds crazy, amazing properties.

Johnson-Lindenstrauss lemma: if we project n points into
k = O(log n) dimensions, then there is a high probability that the
n2 inter-point distances will remain nearly the same.

note – no dependence on the original d!
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Nonlinear manifold learning

Basic idea: what if the data lives in some non-linear subspace?

The ‘swiss roll’:
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Nonlinear manifold learning (2)

The ‘swiss roll’:

Common approaches (ISOMAP, LLE, etc.):

construct a nearest-neighbor graph of all n points

use this graph to estimate distances and then do MDS
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Multidimensional scaling

Given a set of pairwise distances (not original points), find a set of
vectors which preserve those distances.

Given: d(xi , xj), pairwise distances for n points (1 ≤ i , j ≤ n).

Find the minimum of

S(y1, y2, . . . , yn) =
∑
i 6=j

(||yi − yj || − d(xi , xj))
2

where yi are vectors in some space of some chosen dimension.

want sufficient dimension for yi , but not too high!

method: minimize S by gradient descent on yi vectors.
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Alternative distance metrics (L1, etc.)

Minkowski (Lp) norm:

Lp(x) =

(
d∑

i=1

|x |p
)1/p

dp(x , y) = ||x − y ||p = Lp(x − y)

L2 = Euclidean distance

L1 = Manhattan distance

L∞ = max

General observation: in high dimension, lower p norms tend to
work better (Aggarwal 2001).
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Mahalanobis distance

Given a scaling matrix A ∈ Rd×d , the Mahalanobis distance
between vectors x , y ∈ Rd is

||x − y ||A =
√

(x − y)TA(x − y)

This has relevance with:

Gaussian probability distribution (A = Σ−1, where Σ is the
covariance matrix)

principal components analysis

metric learning
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Distance metric learning

For a set of {+,−} labeled points, learn a metric that gives good
nearest-neighbor classification accuracy.

Or, the input could be a set of labels of pairs of points as
similar/dissimilar to adjust the metric for clustering (Xing et al.
2002).

More general than scaling of individual coordinates: learn A in the
Mahalanobis distance.
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